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Quasi-static Characteristics of Asymmetrical
and Coupled Coplanar-Type

Transmission Lines

TOSHIHIDE KITAZAWA AND RAJ MITTRA, FELLOW, IEEE

Abstract —12sthis paper, variatiorraf expressions for the capacitances of’
asymmetrical and coupled coplanar-type transmission lines are derived. The
methods employed are quite general, and are usefuf for analyzing various

types of coplanar-type transmission lines, with either an isotropic or
anisotropic substrate. An accurate and efficient method of csdcufation is
provided for the variational expressions, and some numencaf results are

presented.

I. INTRODUCTION

c OPLANAR-TYPE transmission lines have become

quite attractive from the point of view of applications

in microwave and millimeter-wave integrated circuits. The

symmetrical coplanar waveguide (CPW) [1]–[6], as well as

other similar configurations [7], [8], have received consider-

able attention in the literature. Recently, the asymmetrical

version of the coplanar waveguide has been introduced [9],

[10] because of the additional flexibility offered by the

asymmetric configuration in the design of integrated cir-

cuits. The application of coplanar-type transmission lines

to directional couplers was proposed by C. P. Wen [11] to

achieve better isolation characteristics. However, the ana-

lytical method for a coupled line section, which is useful

for obtaining design information, was based on the zeroth-

order approximation, which assumed an infinitely thick

substrate [11].

This paper derives the variational expressions for the line

capacitances of the asymmetrical and coupled coplanar-

type transmission lines. These expressions are quite general

and are applicable to a wide class of coplanar-type trans-

mission lines, including those containing an anisotropic

media. These expressions are employed in conjunction with

an accurate and efficient numerical method based on the

Ritz procedure. Numerical results are shown for the line

characteristics of asymmetrical and coupled coplanar-type

lines with anisotropic media and are compared with the

exact analytical solutions for the special case of air as the

substrate material. The comparison is found to be quite

favorable.
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Fig. 1. (a) General structure of asymmetrical coplanar-type transmis-

sion lines.
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(b) General structure of open coupled coplanar-type transmission lines.

II. VARIATIONAL EXPRESSIONS FOR THE LINE

CAPACITANCES

In this section, the formulation procedure will be out-

lined for the general structures of asymmetrical co@mar-

type (A-CI’L, Fig. l(a)) and coupled coplanar-type trans-
mission lines (C-CTL, Fig. l(b)), which include various

coplanar-t!ype transmission lines in Fig. 2. The layered

media in Fig. 1 are ttniaxially anisotropic and their permit-
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co y, is the angle of the optical axis from the x-axis, and c,,,

and <Zi are the relative permittivities longitudinal and
2?2 transverse to the optical axis, respectively.

E~
A. Variational Expression for the Line Capacitance of

(a) Asymmetrical Coplanar -Type Transmission Lines (A -CTL)

From a solution to the Laplace’s equation, the charge
co

distribution on the conductors-at y = O can be expressed in
A
6, terms of the aperture field eX(.x) at y = O as

A
c~ u(x) = ~m ~~ P~(a; xlx’)eX(x’) dx’da (3)

—w —w

.5J where

(b)

E.-J

(c)

co

co

(d)

(f)
Fig. 2. (a) Asymmetrical copla.ruw waveguide. (b) Asymmetrical sand-

wich coplanar waveguide. (c) Asymmetrical conductor-backed coplanar
waveguide. (d) Coupled coplanar waveguide. (e) Coupled sandwich
coplauar waveguide. (f) Coupled conductor-backed coplarw wave-

guide.

tivities are given by the following dyadic:

‘=[s21’” ‘=17273 ‘1)
where

c
lxx

= cl,, cos2yi + til sinzy,

c
LYY

= f,,, sin2yi + ‘i* cos2YZ

e,XY= ((ill -fll)SiDyzCOSyz
(2)

PA(a; X1X’)= – jaFA(a)eJa(x-x’)

with

FA(a)=~{Yu(a)+yL(~)}&
and

Yu(a) =
1 + tl, tanh(Klhllal)

1 + ~ tanh(K,hllal)

l+~tanh(Kzh21al) tanh(K3h,lal)

YL(a) =

~tanh(Kzhzlal)+ & tanh(K3h~lal)

(4)

(5)

(6)

The total charge Q, on the center strip 1x1< a can be

expressed as follows:

Qo=jx’u(x)dx (7)
X2

where xl and Xz can be arbitrary values in the right slot

a < xl < bl and in the left slot — b2 < X2 < —a, respec-

tively.

Multiplying (7) by eX(xJ and integrating over the right

slot located at a < xl < bl, we get

QoVO=jb’eX(xl)( ~x’u(x)dx) dxl (– b2<x2< –a).
a X2

(8a)

Similarly

– Qovo = j_-b:x(x2){~x10(x) dx) dx2 (a<xl<b)
X2

(8b)

where V, is the potential cliff erence between the center

strip and the ground conductors, i.e.,

vo=~’’e.(x)dx=- ~~;.(x)dx. (9)
a 2

Substituting (3) into (8), subtracting (8b) from (8a), and
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rearranging the resulting expression, we obtain the line

capacitance

~=q)
V(O

(lo)

where the Green’s function GA is given by

G~(a; XIX’)= 2~’(a)coS{a(X’– X)}. (11)

The symmetry of the geometry with respect to the plane

x = O has been utilized in writing (12). The odd mode is

considered in what follows, and a perfect electric conduc-

tor plane may be placed at the x = O plane in this case.

The total charge located between xl and x2 is given by

Q(xl, x2) ‘/x’U(X) dx. [15)
xl

When xl lies within the inner slot O <xl< a and X2 lies

within the outer slot b < X2 < c, then ‘Q(xl, X2 ) is equal to

a constant QO, that is, the total charge on the strip a < x < b

QO=Q(%>X2)

=JmJw~c(~){cos( ~x2)-cos(~xl))
00

As expected, (10) reduces to [5, eq. (2)] for the symmetrical x cos(ax’)eX(x’) dx’da,
coplanar waveguide. It can be verified that (10) has the

stationary property, and the value of the capacitance de-
0<xl<aandb<x2 <c. (16)

rived from this expression will always be larger than the Multiplying (16) by eX(xl) and integrating over O < xl <

true value, that is,- the upper bound: Also, (10), (11), and a, we obtain

Qo~ae.(d @ = - Qovo

=(’pm){- : }Vocos(ctx2)– ~ eX(xl)cos(axl) dxl cos(ax’)e. (x’) dx’da

Similarly, we can obtain

Qo~ce.(x2) C%= QOVO

)= (m r’FC(a)( [ceX(x2)cos(ax2) dx’ - vOCOS(aX,) Cos(ax’)e.(x’) dx’da
Jo ‘O - ( J~ I

(b<x2<c).

(17)

(O<xl<a)

(18)

(5) show the relationship between the anisotropic (E, ~, ~ill,

h ~) and the isotropic (eie, K,h,) cases. A similar connection

between the two types of problems has been observed

elsewhere [5], [12]–[18] for other configurations.

B. Variational Expression for the Line Capacitance of

Coupled Coplanar -Type Transmission Lines (C-CTL)

The charge distribution on the conductors at y = O can

be related to the aperture field eX(x) at y = O plane by

using a procedure similar to that used for the asymmetrical

coplanar-type transmission line. The charge distribution

u(x) is given by

u(x) = jmjwPc(a; xlx’)eX(x’) dx’da (12)
00

where

Pc(a; xIx’) = – aFc(a)cos(ax)sin (ax’)

(for the even mode)

=— aFc(a)sin(ax) cos(ax’)

(for the odd mode) (13)

with

F&Y)=+{Yu((Y)+YL(LY)}:. (14)

where V. is the potential difference between the strip

conductor a < x < b and the ground conductor c < x. V. is

given by

Vo=jceX(x) dx = –~”eX(x) dx.
b

[19)

Subtracting (17) from (18) and utilizing (16), we obtain

QoJG=~~@~%c(a)cos(axl) cos(ax’)
o

. eX(xl)eX(x’) dx’dadxl

+[~ywl)cos(ax’) cos(ax’)

“eX(x2)eX(x’) dx’dadx2. (20)

Therefore, the line capacitance of the odd mode can be

expressed as follows:

c=gQ

V.

~~m~meX(x)GO(a; xlx’)eX(x’)dadx’dx
.—

(fi’@@2 ‘“

(21)
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I

Fig. 3. Shielded coupled coplanar-type transmission lines.

where Green’s function G 0( a; x lx’) is given by

G“(a; xIx’) = ~c((X)COS(CYX)COS( CIX’). (22)

For the even mode, a similar expression can be obtained by

following the same procedure. The Green’s function GE for

the even mode is given by

GE(CI; xIx’) = Fc(a)sin(ax) sin(ax’). (23)

Equation (21) is stationary and provides an upper bound

to the line capacitance C. The transition from the aniso-

tropic case to the equivalent isotropic case can be verified

in the same manner as for the asymmetrical case.

The procedure described above can be applied to a

shielded coupled coplanar-type transmission line (Fig. 3)

which is filled either with an isotropic or an anisotropic

medium whose optical axis coincides with one of the

coordinate axes. The line capacitances for the even and

odd modes are given by

~~’~’e.(x)G~(xlx’) ex(x’)dx’dx

c= . , I=E, O

{(d++’
(24)

where

G~(xlx’) = FHsin(a.x)sin(a. x’), even mode

G:(xlx’) = ~nCOS(CYnX)COS(Lynx’), odd mode

with

(25)

(26)

However, unlike the open waveguide problem, this

method is not applicable to the shielded case filled with an

anisotropic medium, whose optical axis is inclined, because

the Green’s functions for the latter case cannot be ex-

pressed in the form given in (25) [12].

III. NUMERICAL COMPUTATION AND RESULTS

Numerical computations have been carried out by apply-

ing the Ritz procedure to the variational expressions (10)

and (21). In this procedure, the unknown aperture fields

eX(x) are expanded in terms of the appropriate basis

functions as follows. For asymmetrical coplanar-type (A-

CTL) transmission lines, the basis functions are

ex(x) = ~ Af)ff)(x)+ f Af)ff)(x) (27a)
k=l k=l

and for the coupled coplanar-type transmission lines (C-

CTL), the corresponding functions are given by

ex (x ) = ~ Bfl)g$)(x ) + ~ B~2)g~2)(x ) (27b)
k=l k=]

where A ~ ) and Bf) are variational parameters which are

determined such that the best approximation is obtained

under the conditions of (9) and (19). The following basis

functions are adopted by taking the edge effect into consid-

eration:

‘k-J2(xis’)},=12,,lYX)= I=, ,

( )/S’l=+ a+bl 2, Wl=bl–a (28)
2 2 22

()x‘N(k) ;

fh?) =

m

2

1– :

(29)

‘k-42(xxs))
“2)=Fr%T’

W=c–b, s=(b+c)/2 (30)

where Tk( y ) is Chebyshev’s polynomial of the first kind

and the suffix N(k) in (29) is given by

N(k) =2k–1 (even mode)

=2(k–1) (odd mode).

The accuracy of the computation depends on the num-

ber of basic functions, i.e., NI and N2 in (27). Tables I and

II show the preliminary numerical results of the normal-

ized capacitance C/C o of the A-CTL and open C-CTL for

different values of Nl, N2. Special cases with (1,, =(, ~ =1

and h ~ -+ co are considered in Tables I and H, for which

the exact analytical solutions can be obtained by conformal
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TABLE I
NORMALIZED LINE CAPACITANCE C/Co OF ASYMMETRICAL

COPLANAR-TYPE TRANSMISSION LINE

alvl Wz% N1 1 2 3 Confmlml

N2~,2 3
mpping

1 2.199 2.107 2.105 2.105

0.25 2 2.085 1.946 1.940 1.940

4 2.085 1.858 1.838 1.836

1 3.52o 3.510 3.510 3.510

1.50 2 3.219 3.19g 3.19.9 3.198

4 3.005 2.956 2.956 2.956

<i,,=<,1 =1 (i=l,2,3), h3 + O.

TABLE II
NORMALIZED LINE CAPACITANCE C/t. OF OPEN COUPLED

COPLANAR-TYPE TRANSMISSION LINES

Even Mode

t

R ‘~.a, ::

0.2

0.5

1.0

0.2

Odd Mode

@
b-a

—

0.5

—

2.0

—

0.2

1.0

1 2

2 3

1.9469 1.9469

2.0620 2.0619

1.3130 1.3128

1.4043 1.4042

2 3

2 3

5.2218 5.2217

3.6322 3.6322

4.9089 4.9012

3.2537 3.2495

Con formal

mapping

1.9469

2.0619

1.3128

1.4041

Conf Ormal

mapping

5.2217

3.6322

4.9009

3.2493

6,,, =<,1=1 (i=l,2,3), h3 +0.

mapping (Appendix I). It should be noted that accurate

results are obtained by using a small number of suitably

chosen basis functions for a wide range of parameters. For

instance, for the calculations presented herein, NI = N.. = 2

was used for A-CTL. For C-CTL, NI =1, Nz = 2 for even

modes and IVl = Nz = 2 for odd modes have been em-

ployed.

Figs. 4 and 5 present numerical examples for the asym-

metrical coplanar waveguide in Fig. 2(a). Fig. 4 shows the

effective dielectric constant c,ff and the characteristic im-

pedance ZO as a function of the width ratio WJ WI for an

asymmetrical coplanar waveguide with an isotropic dielec-

tric substrate. The values for the symmetrical case ( Wz / WI

=1) [4] are included only to indicate the accuracy of the

computation. The effective dielectric constant ceff becomes

smaller and the characteristic impedance ZO becomes larger

as the width ratio W2\ WI increases.

Fig. 5 shows the results for an asymmetrical coplanar

waveguide on an anisotropic sapphire substrate. The effec-

tive dielectric constant and the characteristic impedance

are shown as a function of the inclination of the optical

axis 72.

In Fig. 6, the even- and odd-mode characteristics of

open C-CTIL, shown in Fig. 2(d), are compared with those

based on the zeroth-order approximation as presented in

[11]. The error in the zeroth-order solution becomes larger

for a thinner substrate because the substrate thickness is

assumed to be infinite in this solution.

Fig. 7 shows the even- and odd-mode characteristics of

the open C-CTL on an isotropic substrate as a function of

electrode configuration. The dependence on the width of

inner slot 2a is less for even modes; in contrast, the

dependence on the width of the outer slot (C – b) is less

for odd modes.

Fig. 8 shows the characteristics of the open C-CTL on an

anisotropic substrate (c ~,, = 5.12, ~~* = 3.40). The effec-

tive dielectric constant ~,ff and the characteristic imped-

ance ZO are shown as a function of the angle Yz of the

optical axis from the x-axis.

Fig. 9 shows the results for a shielded C-CTL with an

anisotropic sapphire substrate (~ ~,, =11.6, c~~ = 9.4, Y3 =

7r/2). It is noted that the even modes are more sensitive

than the odd modes to the variation in h ~, the spacing

between the substrate and the shielding conductor. Equal

even- and odd-mode phase velocities are obtained by ad-

justing h ~, and under these conditions high directivity can

be achieved in a directional coupler design that employs

these lines.

IV. CONCLUSIONS

In this paper, variational expressions for the line capaci-

tances are derived for the general structures of asymmetri-

cal and coupled coplanar-type transmission lines. The pres-

ent analysis, which is valid for anisotropic media, suggests

a relationship between the anisotropic and the equivalent

isotropic case.

An efficient computational scheme, based on the Ritz

procedure, has been employed for the numerical computa-

tions. Numerical results have been compared with the exact

analytical solutions for the special case of air as the sub-

strate material; excellent agreement has been found for a

wide range of parameters. ,Some numerical data for asym-

metrical and coupled coplanar-type transmission lines are

shown for both the isotropic and anisotropic substrates.

APPENDIX I

ASYA.IMBTRICAL COPLANAR WAVEGUIDE WITHOUT

SUBSTRATES

The line capacitances of the asymmetrical coplkmar

waveguide without substrates can be evaluated analytically

by a repeated application of conformal mapping. A series

of transformations are shown in Fig. 10. The determinantal
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Fig. 5. Asymmetrical coplanar waveguide on anisotropic sapphire sub-
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Fig. 7. (a) Effective dielectric constant Ceff of open C-CTL. (b) Char-
acteristic impedance ZO of open C-CrL.

equations for the ratios ts / us and SS/ts, which determine

k~, are given in the following.

The Determinantal Equation for 13/ U3:

()t3KG
~ K(ko) =

()

(Al)
K’(ko) K, ~ “

U3

25 220

24 ---
Z.

23 - - 180

22 -
‘—— oDO MOOE - 160

E2,,:5 12, G**= 340
g

21 -
cl,, = ●%L= I o (,.1,31 - 140 N.

h2/tb-a) =10

h3_m
20 - 20/( b-o)=10 - 120

(c- b)/[b-a)=2,0

19 - - 00

18 -
Zo

.—... — ———

, ,o-___J26.

Fig. 8. Effective

Y,

dielectric constant and characteristic impedance of
C-CTL versus y2.
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Fig. 9. Effective dielectric constant ceff and characteristic impedance
Z. of shielded C-CTL with an anisotropic sapphire substrate.

The Determinantal Equation for s3/t3:

(F arcsin ~, k.
)+1=2 (

F arcsin ~, ~
) (A2)

K(ko)

()
K:

where F(a, b) is the elliptic integral of the first kind and

K(k) is the complete elliptic integral of the first kind.
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10. A series of transformations for the asymmetrical coplanar
waveguide without substrates.

IU3FERENCES

C. P. Wen, “Coplanar waveguide: A surface strip transmission line
suitable for nonreciprocal gyromagnetic device applications,” IEEE
Trans. Microwave Theory Tech., (1969 Symposium Issue), vol.
MTT-17, pp. 1087–1090, Dec. 1969.

J. B. Knorr and K. D. Kuchler, “Analysis of coupled slots and
coplanar strips on dielectric substrates,” IEEE Trans. Microwaoe
Theory Tech., vol. MTT-23, pp. 541–548, July 1975.

Y. Hayashi, T. Kitazawa, and S. Sasaki, “Analysis of coplanar strip
lines on an anisotropic substrate using Galerkin’s method,” Trans.
IECE Japan, vol. 64-B, no. 7, pp. 666-673, July 1981.

T. Kitazawa and Y. Hayashi, “Coupled slots on an anisotropic
sapphire substrate,” IEEE Trans. Microwaue Theoiy Tech., vol.
MTT-29, pp. 1035–1040, oct. 1981.

T. Kitazawa and Y. Hayashi, “Quasi-static characteristics of

coplanar waveguide on a sapphire substrate with its optical axis

inclined,” IEEE Trans. Microwave Theory Tech., vol. MTT-30, pp.
920–922, June 1982.

S. Seki and H. Hasegawa, “Cross-tie slow-wave coplanar waveguide

on semi-insulating GaAs substrates,” Electron. Lett., vol. 17, pp.
940–941, Dec. 1981.
Y. C. Shih and T. Itoh, “Anafysis of conductor-backed coplanar

waveguide~’ Electron. Letr., vol. 18, pp. 538-540, June 1982.

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

G. Leuzzi, A. Silbermarm, and R. Sorrentino, ‘<Mode propagation
in laterally bounded conductor-backed coplanar waveguides,” pre-

sented at the 1983 G-MTT Int. Microwave Symp., Boston, MA.
M. Kitlinski and B. Janiczak, ‘<Dispersion characteristics of asym-
metric couded slot lines, on dielectric substrates,” Electron. Lett.,
vol. 19, pp~ 91–92, Feb. 1983..

I. Kneppo, J. Cotzman, and D. Cesta, “Basic parameters of non-

symmetncaf COPISIUW line,” IEEE Trans. Microwave Theoiy Tech.,
vol. MTT-25, p: 718, Aug. 1977.

C. P. Wen, ” Coplanar-waveguide directional couplers,” IEEE Trans.
Microwave Theory Tech., vol. MTT-18, pp. 318-322, June 1970.

M. Kobayashi and R. Terakado, “New view on an anisotropic
medium and its application to transformation from anisotropic to

isotropic problem~~ IEEE Trans. Microwave Theory Tech;, vol.
MTT-27, pp. 769-775, Sept. 1979.

T. Kitazawa, K. Fujita, H. Mukaihara, and Y. Hayasbi, “Anafysis

of broadside-comrled strip tines with anisotropic substrate,” Trans.
IECE Japan, vo~ 66-B, no. 9, pp. 1139-1146: Sept. 1983.
N. G. Alexopoulos, C. M. Krowne, and S. Kerner, “ Dispersionless

coupled microstrip over fused silica-like ankotropic substrates,”
Electron. Lerr., vol. 12, pp. 579–580, Oct. 1976.
N. G. Alexopoulos and N. K. Vzuneglu, ‘<Characteristics of micro-
strb on anisotroDic substrates,” in Proc. 7th Eur. Microwave Conf.,

Se~t. 1977, pp. ~40-143.

N. G. Alexopoulos and C. M. Krowne, “ Characteristics of single

and coupled microstrips on anisotropic substrates,” IEEE Trans.

Microwave Theoiy Tech., vol. MTT-26, pp. 387-393, June 1978.

M. Kobayashi and R. Terakado, “Method for equalizing phase
velocities if coupled microstnp lines by using anisotropic substrate,”

IEEE Trans. Microwave Theo~ Tech., vol. MTT-28, pp. 719-722,

July 1980.
M. Homo, “ Quasistatic characteristics of covered coupled micro-
strips on anisotropic substrates: Spectraf, and variational .amdysis,”

IEEE Trans. Microwaue Theo~ Tech., vol. MTT-30, pp. 1888–1892,
NOV. 1982.

Tosfdhide Kitazawa was born in Sapporo, Japan,

I

on December 1, 1949. He received the B. E.,
M.E., and D.E. degrees in electronics engineering

from Hokkaido University, Sapporo, Japan, in
1972, 1974, and 1977, respectively.

He was a Post-Doctoral FelIow of the Japan
Society for the Promotion of Sciente from 1979

h
to 1980. Since 1980, he has been an Associate

. Professor of Electronic Engineering at the Kitami
Institute of Technology, Kitami, Japan. Cur-

rently, he is a Visiting Assistant Professor of
Electrical Engineering at the University of Illinois, Urbana.

Dr. Kitazawa is a member of the Institute of Electronics and Com-

munication Engineers of Japan.

Raj M~ttra (S’54-M57-SM69-F’71) is the Di-
rector of the Electromagnetic Communication
Laboratory of the Electrical and Computer En-
gineering Department and Research Professor of
the Coordinated Science Laboratory at the Uni-
versity of Illinois. He is a Past-President of AP-S.
He serves as a consultant to severaf industrial
and governmental organizations in the United
States and abroad.

His professional interests include the areas of
anafyticaf and computer-aided tlectromagnetics,

high-speed digital circuits, radar scattering, satellite antennas, microwave
and millimeter-wave integrated circuits, frequency selective surfaces, EMP
and EMC analysis, and interaction of electromagnetic waves with bio-
logical media. -


